The behavior of the Mathieu functions is illustrated by using a variety of plots with representative examples taken from mechanics. We show how Mathieu functions can be applied to describe standing, traveling, and rotating waves in physical systems. Some background is provided on notation and analogies with other mathematical functions. Our goal is to increase the familiarity with Mathieu functions in the scientific and academic community using visualization. For this purpose we adopt a strategy based on visual recognition rather than only looking at equations and formulas.
I. INTRODUCTION
Increasing attention is being given to scientific and engineering problems that lead to differential equations of the Mathieu type. 1 Their solutions, known as Mathieu functions, were first discussed by Mathieu in 1868 in the context of the free oscillations of an elliptic membrane. 2 These functions were further investigated by a number of researchers who found a considerable amount of mathematical results that were collected more than 60 years ago by McLachlan. 3 During the last decade there have been several articles devoted to new analytical results, numerical techniques, and applications. 4 -9 Mathieu equations occur in two main categories of physical problems. First, in applications involving elliptic geometries, for example in the analysis of the vibrating modes in elliptic membranes, the propagating modes in elliptic pipes, and the oscillations of water in a lake of elliptic shape. Mathieu equations arise after separating the wave equation using elliptic coordinates. 10, 11 Second, Mathieu equations arise in problems involving periodic motion, such as the trajectory of an electron in a periodic array of atoms, the mechanics of the quantum pendulum, and the oscillations of floating vessels. [12] [13] [14] [15] [16] [17] Despite the existence of many applications, what attracts our attention is that Mathieu functions are barely mentioned in modern textbooks of mathematics for physics and engineering, 18 others just present a limited discussion, [19] [20] [21] [22] [23] and older texts that gave some account of Mathieu functions are now out of print. 3,24 -26 Nevertheless, when facing a problem that leads to the Mathieu differential equations, we can always consult the invaluable handbooks by Abramowitz and Stegun 27 and by Gradshteyn and Ryzhik. 28 However, this experience can be rather painful if one is trying to learn about Mathieu functions for the first time. In most books we find a high density of equations which, from a didactic point of view, can be scary for the unfamiliar reader.
We believe that this lack of literature compared to that for other special functions is because the behavior of Mathieu functions is relatively rich and consequently more difficult to understand. Moreover at least five different nomenclatures are in use ͑see Appendix A͒, and the computation of the Mathieu functions and their eigenvalues still presents some numerical difficulties. 8, 9 The purpose of this article is to facilitate the understanding of some of the qualitative features of Mathieu functions and their applications. We believe that the visualization of Mathieu functions will be helpful in achieving a better comprehension of their basic characteristics. This work is intended for students, teachers, and researchers who are unfamiliar with Mathieu functions, and who are interested in gaining visual insight. We shall restrict ourselves to including the minimum formulas needed to explain the basic characteristics, the different notation, and the classification of these functions. The behavior of the Mathieu functions is illustrated by using a variety of plot types with representative examples taken from mechanics. We show how Mathieu functions can be applied to describe standing, traveling, and rotating waves in physical systems.
II. VISUALIZING MATHIEU FUNCTIONS
Over the years the visualization of Mathieu functions has been limited to simple curves for a few values of their parameters. Jahnke and Emde 29 were perhaps the first authors to include three-dimensional surface representations of the Mathieu functions, whereas Abramowitz and Stegun 27 provide many useful two-dimensional plots. At present, more sophisticated computational tools are available, and hence far more complicated behavior of Mathieu functions can be explored in a variety of two-and three-dimensional plots.
If the two-dimensional Helmholtz equation
is transformed from rectangular coordinates (x,y) to elliptic coordinates ͑,͒ by the formulas xϭ f cosh cos , yϭ f sinh sin ,
͑2͒
and a solution of the form UϭR()⌽() is sought, it is found that R() and ⌽͑͒ must satisfy the equations
where qϭ f 2 k 2 /4 and a is the separation constant arising from the eparation of variables method. In the literature, Eqs. ͑3͒ and ͑4͒ are known as the ordinary and the modified Mathieu equations, respectively. 27 However, in applications involving the Helmholtz equation in elliptic coordinates, Eqs. ͑3͒ and ͑4͒ are better identified as the angular and the radial Mathieu equations. 24 Their solutions are the angular Mathieu functions ͑AMF͒ and the radial Mathieu functions ͑RMF͒, respectively. This nomenclature becomes obvious when we observe in Fig. 1 the similarity between the elliptic coordinates ͑,͒ and the polar coordinates. The elliptic variable has a domain 0рϽ2 and plays a similar role to a polar angle, whereas the variable , with domain 0рϽϱ behaves as a radial variable. The line joining the foci (Ϯ f ,0) corresponds to ϭ0. Notice that the polar coordinates could be considered to be a special case of the elliptic coordinates in the limit f →0 when the foci of the elliptic coordinates collapse to a point at the origin. In this limit, the angular and the radial Mathieu equations become the wellknown harmonic equation and the Bessel equation, respectively. 3, 27 As a consequence, the angular Mathieu functions transform into the trigonometric functions cos and sin and the radial Mathieu functions become the Bessel functions.
A. Angular Mathieu functions
The angular Mathieu equation ͑3͒ is a linear second-order differential equation that has two families of independent solutions, namely the even and the odd angular Mathieu functions,
͑5͒
where m is the order. The notation ce and se comes from cosine-elliptic and sine-elliptic, and was first suggested by Whittaker. 22 Nowadays, it is a widely accepted notation for the AMF ͑see Appendix A͒. In Fig. 2 we plot the functions ce m (;q) and se m (;q) for several values of m over the plane (,q). 31 Note that Eq. ͑3͒ becomes the harmonic equation when q→0, when it is evident that ce m and se m become equal to the trigonometric functions cos m and sin m as q vanishes. The range of the plots has been limited to ͓0,͔, because their entire behavior can be deduced from the parity and symmetry relations provided in Table I. The parity, periodicity, and normalization of the AMF are exactly the same as their trigonometric counterparts. This is, ce m is even and se m is odd, and they have period when m is even or period 2 when m is odd. The AMF have m real zeros in the open interval (0,), but they cluster around /2 as q increases. The normalization for the AMF is
The physical meaning of the parameter q depends on each application. For instance, the classical problems of the vibrating modes in an elliptic membrane 10 and the probability distributions in an elliptic quantum billiard 32 are mathematically equivalent, that is, in both cases Mathieu equations arise after separating the wave equation or Schrödinger equation in elliptic coordinates. However, as we will discuss below, in the first case q is related to the eigenfrequencies of the vibrating modes, whereas in the second case q is associated with the characteristic energies of the eigenstates in the billiard.
An interesting one-dimensional example where the AMF occur is the quantum pendulum.
14 -16 Consider a plane pendulum of length L and mass M oscillating under the action of gravity. The time-independent Schrödinger equation corresponding to this problem is
where is the angular displacement from the vertical, V()ϭϪM gL cos is the potential energy, and ⌿͑͒ is the wave function associated with the energy E. The boundary condition to be imposed on ⌿ is that it be single valued in , that is, ⌿͑͒ has period 2: ⌿(ϩ2)ϭ⌿(). Equation ͑7͒ can be rewritten in the form of an angular Mathieu equation ͑3͒, by defining ϭ2, ͑8a͒ 
In view of Eq. ͑8a͒, the boundary condition is ⌿͓2( ϩ)͔ϭ⌿͓2͔, that is, as a function of , the wave function has to be periodic with period . From Table I , such solutions are AMF of even order: ce 2r (;q) and se 2rϩ2 (;q) for rϭ0,1,2,... . All other AMF are excluded by the periodicity condition. We note further that characteristic values of the energy E m are defined by the eigenvalues a m of the Mathieu equation; from Eq. ͑8b͒ we find
a m . Also, we can see from Eq. ͑8c͒ that, for the quantum pendulum, the parameter q depends only on the given physical constants of the problem, and that Eq. ͑7͒ really corresponds to a Mathieu equation with negative q. To satisfy the usual definition of the Mathieu functions, we must perform the change of variable →(/2Ϫ) according to Table I. When visualizing mathematical functions, a suitable plot depends on the purpose. For example, the surfaces shown in Fig. 2 were done following a mathematical point of view. These diagrams allow us to appreciate at a glance the evolution of ce and se as functions of or q. In Fig. 3 we adopt a physical point of view to show the probability distributions ⌿ 2 of the quantum pendulum. As stated, the wave functions are written in terms of AMF of even order, ce 2r (;q) and se 2rϩ2 (;q). We might plot these solutions against the polar coordinate in a rectangular system (,⌿ 2 ), but a more meaningful picture is usually a polar diagram. In Fig. 3 , we can visualize how the probability distributions of a quantum pendulum vary with .
B. Radial Mathieu functions
The solutions of Eq. ͑4͒ when q is positive are the even In Fig. 4 we show the first-order RMF for different values of q. Similar to the Bessel functions, the RMF have a decreasing, oscillatory non-periodic behavior. Conversely to the AMF, the radial solutions oscillate faster as q increases. In Fig. 5 Like J 0 , the function Je 0 is oscillatory, decreasing, and nonperiodic. By comparing Je 0 with respect to J 0 , we can observe that the maximum at the origin of Je 0 is not as dominant as in the case of J 0 , and that Je 0 oscillates faster as increases. Figure 5͑b͒ shows again Je 0 , but now physical insight is gained by plotting it as a function of sinh() instead of . For instance, as we will see below, Je 0 could represent the radial dependence of a vibrating mode in an elliptic membrane. 10 In this case the argument is associated with the radial elliptic coordinate ͑which is dimensionless͒. However, to visualize the spatial behavior of the mode, it is required to plot it against a coordinate with a length dimension such as x or y.
Let us consider the y axis. By setting ϭ/2 in Eq. ͑2͒, it is clear that the y axis is written as yϭ f sinh . In this manner, the plot in Fig. 5͑b͒ could show the behavior of the vibrating mode as a function of the normalized coordinate y/ f .
The plot in Fig. 5͑b͒ reveals an important property of the radial Mathieu functions: they tend to be damped periodic functions when they are plotted against a spatial coordinate like xϳcosh or yϳsinh . This characteristic is interesting because often the physical patterns are associated with the asymptotic behavior of the mathematical functions.
III. VISUALIZING STANDING WAVES IN AN ELLIPTIC MEMBRANE
As stated, the angular and the radial Mathieu equations can be expected to appear in any problem involving the Helmholtz equation expressed in elliptic coordinates. 10, 32 Consider the free oscillations of an elliptic membrane with Fig. 3 . Polar diagrams of the probability distributions of a quantum pendulum as a function of . If Z(x,y,t) is the vertical displacement as a function of time of a point located at (x.y), then Z satisfies the twodimensional wave equation
where v 2 ϭF/, with the surface mass density and F the uniform tension per unit length in each point of the membrane. By assuming a harmonic time dependence Z(x,y,t) ϭU(x,y)cos(t), the wave equation becomes the Helmholtz equation ͑1͒, where kϭ/v. After applying Eq. ͑2͒ to transform the Helmholtz equation into elliptic coordinates, and taking the separable solution U(,)ϭR()⌽(), we obtain the angular and the radial Mathieu equations ͑3͒ and ͑4͒. In this case, the parameter q is given by qϭ f
A vibrating mode can be considered as a standing wave, that is, each point on the surface vibrates harmonically with an amplitude U(x,y), but all points have the same frequency. The modes are given by appropriate products of radial and angular Mathieu functions, namely, the even Ze m and odd Zo m solutions: . In Fig. 6 we show the first even and odd vibrating modes in the elliptic membrane. Notice the symmetry and the antisymmetry with respect to the x axis of the even and odd modes, respectively. The radial nodal lines ͑elliptic lines͒ are defined by the zeros of the radial functions e m and Jo m , whereas the zeros of the angular functions ce m and se m define the angular nodal lines ͑straight or hyperbolic lines͒. We can see that U m,n has m angular nodal lines and n radial nodal lines including the boundary as a nodal line. The cross points between radial and angular nodal lines correspond to nodal points of the membrane. In particular, the mode U m,n has mϩ4m(nϪ1) nodal points. The origin is a nodal point of U m,n only if m is odd.
To gain some intuition about the numerical values involved, we show in Table II the first natural frequencies for an elliptic membrane with aϭ5 cm, and bϭ3 cm. To make appropriate comparisons, the corresponding eigenfrequencies for a circular membrane with radius aϭ5 cm are included as well. 34 For numerical purposes, without loss of generality, we have choose the tension and density of the membrane such that ͱF/ϭ1. Note that for each circular mode, there are two corresponding elliptic modes, the even one and the odd one. From Table II we can see that, for a given U m,n , the even and odd modes vibrate with different frequencies, in fact, the even modes have lower frequencies than the odd modes. The reason is that the even modes vibrate along the largest axis of the ellipse, whereas odd modes vibrate along the shortest axis.
IV. VISUALIZING TRAVELING AND ROTATING WAVES IN AN ELLIPTIC LAKE
Finding the oscillations of water in an elliptic lake is a classic problem. The oldest references to this problem may date back to 1924 and 1927 by Jeffreys 35 and Goldstein, 36 respectively. To show the interesting phenomenon of rotating waves inside the lake, we extend their analysis by including a confocal elliptical wall inside the lake. The geometry of the confocal annular elliptic lake is shown in Fig. 1 . In terms of elliptic coordinates, the inner and outer walls correspond to curves ϭ 1 ϭconstant and ϭ 0 ϭconstant, respectively. If Z(,,t) is the vertical displacement of the water surface from its equilibrium position, then Z satisfies the wave equation ͑11͒, but now v 2 ϭgd, where g is the acceleration due to gravity and d is the undisturbed depth. By following the same procedure described above for the membrane, the oscillating modes in the lake are given by where A and B are constants to be determined, mу0 for even modes, and mу1 for the odd modes.
The wave solutions ͑16͒ must satisfy the Neumann condition at both elliptic boundaries. This condition states that the normal derivatives of Ze m and Zo m vanish at each point of the boundaries. For even modes we have Ze m Ј ( 0 ,,t) ϭZe m Ј ( 1 ,,t) ϭ0, where the prime denotes the derivative with respect to the radial variable . By evaluating the derivative of Eq. ͑16a͒ at both elliptic boundaries, we see that the Neumann condition is fulfilled only if
This is a set of two linear equations with a unknown coefficient A. According to linear algebra, a nontrivial solution to this set exists only if the following characteristic equation for the unknown parameter q is satisfied:
͑18͒
This characteristic equation can only be solved numerically. 31 Let us denote q m,n as the nth zero of Eq. ͑18͒. Once the value of q m,n has been determined, the corresponding value of A can be calculated using any of the boundary condition equations ͑17͒, and thus AϭϪJe m Ј ( 0 ;q)/ Ne m Ј ( 0 ;q). Finally, recalling that ϭkv, the frequency of the mode (m,n) is given by m,n ϭ͓4v
. For numerical computations, let us choose the values 1 ϭ0.5 and 2 ϭ1.5. The eigenvalues of frequency corresponding to the first oscillating modes are listed in Table III in units of ͱ4gd/ f 2 . We can see that the odd modes have lower frequencies than the even modes ( o m,n Ͻ e m,n ). Note that this behavior is contrary to the results obtained for the modes in the membrane ͑see Table II͒ , where e m,n Ͻ o m,n . There is a simple physical explanation for this fact: for the membrane the even modes oscillate without obstruction along the largest axis of the ellipse, whereas the odd modes oscillate along the shorter axis. In the confocal annular elliptic lake the even modes tend to vibrate along the largest axis as well; however, now the internal wall is an obstacle that changes the relative distances. With regard to Fig. 1 , let us denote as aЈ the horizontal separation between the outer and the inner elliptic boundaries along the x axis, and bЈ the vertical separation along the y axis. We now apply Eq. ͑2͒ to show that bЈ is always greater than aЈ. We have aЈϭa 0 Ϫa 1 ϭ f cosh 0 cos(0)Ϫf cosh 1 cos(0) ϭf(cosh 0 Ϫcosh 1 ). Analogously for bЈ we obtain bЈ ϭ f (sinh 0 Ϫsinh 1 ). The difference bЈϪaЈ gives bЈϪaЈϭ f ͓͑sinh 0 Ϫcosh 0 ͒Ϫ͑ sinh 1 Ϫcosh 1 ͔͒. ͑19͒
By expressing the hyperbolic functions in terms of exponential functions, we can write Eq. ͑23͒ in the simpler form We now can appreciate that bЈ is greater than aЈ for any 0 Ͼ 1 Ͼ0. Hence, the inclusion of an internal elliptic wall leads to even modes to vibrate in shorter distances than odd modes, and consequently o m,n Ͻ e m,n .
In Fig. 7 we plot several patterns corresponding to the first standing modes. In particular, the mode e,o u m,n has 2m(n Ϫ1) nodal points. In Fig. 8 we show a three-dimensional plot of Ze 12 (,) . Observe that the Neumann condition is satisfied at both elliptic boundaries.
A. Traveling elliptic waves in the confocal annular elliptic lake
Similar to the propagating waves in a rope, the standing patterns shown in Fig. 7 may be regarded as the result of traveling waves propagating in opposite directions. To be precise, outgoing and incoming elliptic waves propagate radially while reflecting at the elliptic walls.
To understand this traveling behavior of the Mathieu solutions, it should be mentioned that analogous to the Hankel functions H m (1), (2) occurring in Bessel equations, the solutions of Eq. ͑4͒ can be expressed in terms of the even and the odd Mathieu-Hankel functions of the first and second kind where the time dependence has been expressed in complex form.
We can more easily visualize the traveling wave behavior by analyzing the asymptotic expansions of the MathieuHankel functions as q increases. For instance, for even functions He (1) ,(2) (,q)ϳv Ϫ1/2 exp(Ϯiv), where vϭexp(). The substitution of this approximation into Eq. ͑22a͒ yields
Equation ͑23͒ can now be recognized as a wave traveling in the positive or negative direction of the coordinate v. We may imagine that the outer boundary reflects the outgoing wave generating an incoming wave. Similarly, the incoming wave is reflected by the inner boundary producing again an outgoing wave. In Fig. 9 we plot the Mathieu-Hankel function He 0 (1) ϭJe 0 ϩiNe 0 in a three-dimensional complex space.
This graphical representation of He 0 (1) is unusual in the literature. Whereas we had to link up in our mind the separate and disconnected characteristics of the real and imaginary parts of the complex function, we can now see the relation at a glance. Observe in the plot the tendency of the RMF to be periodic as the coordinate sinh increases. 
B. Superposition of modes: Rotating waves
We now are interested in the superposition of an even and an odd mode, that is, Z m,n ϭZe m,n ϩZo m,n . Because their oscillating frequencies are different, the pattern produced by the superposition varies in time. In Fig. 10 we plot Z 12 at six increasing times; each constituent mode is plotted separately in Fig. 7 . The resulting wave is a rotating perturbation that has angular momentum different from zero. 37 The cross points between the nodal lines of Ze m,n and Zo m,n correspond to nodal points of the resulting wave. If we stay on the water surface at a fixed point on a nodal line, we can observe that this point moves harmonically. Similarly, the motion of any point outside of a nodal line is the superposition of two harmonic motions with different frequencies and amplitudes.
V. CONCLUSIONS
We have graphically presented some properties of the Mathieu functions. Our main goal is to motivate their use and familiarity. As with many other special functions, it is not necessary to know them in great mathematical detail in order to use them in applications. The approach presented here can be used whether one wishes to become familiar with the functions or as a starting point for a deeper analysis. We have illustrated in a diversity of plot types those Mathieu functions that appear more frequently in physical applications.
In our experience, the best way to visualize the behavior of Mathieu functions when one is beginning their study is to think in terms of their more familiar analogies: ͑a͒ AMF are analogous to trigonometric functions and ͑b͒ the RMF behave like Bessel functions. The variety and peculiarities of these functions are so rich that it is not possible to show them all within this article. Instead, we provide detailed mathematical information and more plots of Mathieu functions via Ref. 38 . We believe that the Mathieu functions deserve the attention of the authors of future textbooks on mathematics for scientists and engineers.
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APPENDIX A: COMPARATIVE NOTATIONS OF MATHIEU FUNCTIONS
As a quick reference for those beginning their study of Mathieu functions, we summarize in Table IV 
